Abstract In this study, a simple and high accurate series-based method called Differential Transformation Method (DTM) is used for solving the coupled nonlinear differential equations in fluids mechanic problems. The concept of the DTM is briefly introduced, and its application on two different cases, natural convection of a non-Newtonian nanofluid between two vertical plates and Newtonian nanofluid flow between two horizontal plates, has been studied. DTM results are compared with those obtained by a numerical solution (Fourth-order Runge-Kutta) to show the accuracy of the proposed method. Results reveal that DTM is very effective and convenient which can achieve more reliable results compared to other analytical methods in solving some engineering and sciences problems. 
Introduction
The nonlinear problems and phenomena can be modeled by ordinary or partial nonlinear differential equations to find their physical behavior in certain cases. Most of these described physical and mechanical problems have a set of coupled nonlinear differential equations. For example, heat transfer by natural convection which commonly occurs in many physical and engineering applications such as geothermal systems, chemical catalytic reactors, and heat exchangers has a system of coupled nonlinear differential equations. One of the simple and reliable methods for solving the system of coupled nonlinear differential equations is analytical solution which recently is widely used in solving many problems [1] [2] [3] [4] [5] [6] [7] [8] . Ziabakhsh and Domairry [9] have studied the natural convection of a non-Newtonian fluid between two infinite parallel vertical flat plates by Homotopy Analysis Method (HAM) which is a general form of the HPM.
An analytical method called Differential Transformation Method (DTM) has also been introduced for nonlinear problem solution. DTM is an analytical method based on Taylor series. It constructs an analytical solution in the form of a polynomial. Actually, DTM is different from the traditional high order Taylor series method, which requires symbolic calculation of the necessary derivatives of the data functions. This method was firstly applied in the engineering field by Zhou [10] and its abilities attracted many authors to use this method for solving the nonlinear equations. DTM or improved shape forms of it (Ms-DTM and Hybrid-DTM) can solve any coupled nonlinear equations set. They can also be used for three dimensional problems. Ghafoori et al. [11] solved a nonlinear oscillation equation by DTM and they revealed that DTM results are more accurate than HPM and VIM (Variation Iteration Method). Yahyazadeh et al. [12] evaluated the natural convection flow of a nanofluid over a linearly stretching sheet in the presence of magnetic field using DTM. Also, Biazar and Eslami [13] considered DTM to solve the quadratic Riccati differential equation and the derived results by DTM were compared with the results of HAM and ADM (adomian decomposition method). They showed that DTM results are more effective and favorable than HAM and ADM results. Gokdogan et al. [14] acquired an approximate analytical solution of the chaotic Genesio system by a modified DTM. Ayaz [15] studied two-dimensional differential transform method for solving an initial value problem in partial differential equations (PDEs). In another application of DTM, the natural frequencies and critical flow velocities of pipes conveying fluid with several typical boundary conditions were obtained by Ni et al. [16] . Although many analytical methods have been presented in the literature, DTM is expected to find more valuable applications due to the following advantages: This paper aimed to apply DTM for system of coupled nonlinear equations and testify the reliability of DTM by comparing its results with HPM. For showing the accuracy of DTM in described problems, two cases of problems, natural convection of a non-Newtonian fluid between two vertical plates and Newtonian fluid flow analysis between two horizontal plates, were solved. As an important result, it was found that the DTM results are more accurate than those obtained by HPM in some areas. After this verification, the effects of some physical parameters were analyzed to show the efficiency of DTM for this type of the problems.
Problems description
The study of the fluid flow between parallel plates has many applications in industries which motivated the researchers to investigate. Ziabakhsh and Domairry [9] investigated the natural convection of non-Newtonian fluid between vertical parallel plates using HAM, and based on their work, Hatami and Ganji [18] studied the effect of sodium alginate (SA) nonNewtonian nanofluid between parallel plates. Also, Rajagopal and Na [19] presented a numerical solution for the natural convection of non-Newtonian fluids between vertical plates. In the following section, two cases of problems in fluid flow between parallel plates with coupled nonlinear differential equations will be introduced. It is aimed to investigate the efficiency of DTM in comparison with numerical solution.
Case 1
In first case the heat transfer analysis in the unsteady twodimensional squeezing nanofluid flow between the infinite parallel plates (Fig. 1, left) . The two plates are placed at z ¼ AE'ð1 À atÞ 1=2 ¼ AEhðtÞ. For a > 0, the two plates are squeezed until they touch where t ¼ 1=a and for a < 0 the two plates are separated. The viscous dissipation effect, the generation of heat due to friction caused by shear in the flow, is retained. This effect is quite important in the case when the fluid is largely viscous or flowing at a high speed. This behavior occurs at high Eckert number ()1). The symmetric nature of the flow is adopted. The fluid is a water based nanofluid containing Cu (copper) nanoparticles. The nanofluid is a two component mixture with the following assumptions: incompressible; no-chemical reaction; negligible viscous dissipation; negligible radiative heat transfer; nano-solid-particles and the base fluid are in thermal equilibrium and no slip occurs between them. The governing equations for momentum and 
energy in unsteady two dimensional flow of a nanofluid are as follows [17] :
Here u and v are the velocities in the x and y directions respectively, T is the temperature, P is the pressure, and effective density q nf À Á , the effective dynamic viscosity l nf À Á , the effective heat capacity qC p À Á nf and the effective thermal conductivity k nf of the nanofluid are defined as follows [7] :
The relevant boundary conditions are as follows:
We introduce these parameters:
Substituting the above variables into (2) and (3) and then eliminating the pressure gradient from the resulting equations give
Using (7), Eqs. (3) and (4) reduces to the following differential equations:
Here A 2 and A 3 are constants given by
With these boundary conditions:
where S is the squeeze number, Pr is the Prandtl number and Ec is the Eckert number, which are defined as follows:
Case 2
The second case (Fig. 1, right) consists of two vertical flat plates separated by a distance of 2b. A non-Newtonian fluid flows between them due to natural convection. The walls at x ¼ þb and x ¼ Àb are held at constant temperatures T 2 and T 1 , respectively, where T 1 > T 2 . This difference in temperature causes the fluid near the wall at x ¼ Àb to rise and the fluid near the wall at x ¼ þb to fall. The fluid is a non-Newtonian Sodium Alginate (SA) based nanofluid containing Cu and Ag nanoparticles. It is assumed that the base fluid and the nanoparticles are in thermal equilibrium and no slip occurs between them. The effective density q nf , the effective dynamic viscosity l nf , the heat capacitance qC p À Á nf and the thermal conductivity k nf of the nanofluid are given as follows [7] :
Here, / is the solid volume fraction. By definition following are the similarity variables:
Under these assumptions and following the nanofluid model proposed by Maxwell-Garnett (MG) model [9] , the NavierStokes and energy equations can be reduced to the following pair of ordinary differential equations:
where Prandtl number (Pr), Eckert number (Ec), dimensionless non-Newtonian viscosity (d) and A 1 have the following forms:
The appropriate boundary conditions are as follows:
3. Principle of analytical methods
Differential Transformation Method (DTM)
For understanding the concept of DTM, we suppose that xðtÞ is an analytic function in domain D, and t ¼ t i represents any point in the domain. The function xðtÞ is then represented by one power series whose center is located at t i . The Taylor series expansion function of xðtÞ is in form of
The Maclaurin series of xðtÞ can be obtained by taking t i ¼ 0 in Eq. (23) as follows:
As explained in Ref. [10] , the differential transformation of the function xðtÞ is defined as follows:
where XðkÞ represents the transformed function and xðtÞ is the original function. The differential spectrum of XðkÞ is confined within the interval t 2 ½0; H, where H is a constant value and it can be assumed as unity in common DTM, but for multi-step DTM it should be considered as the length of t steps. When H ! 1 the methods no longer work and Pade approximation should be applied. More information about H can be found in Ref. [20] . The differential inverse transform of XðkÞ is defined as follows:
It is clear that the concept of differential transformation is based upon the Taylor series expansion. The values of function XðkÞ at values of argument k are referred to as discrete, i.e. Xð0Þ is known as the zero discrete, Xð1Þ as the first discrete, etc. The more the discrete available, the more precise it is possible to restore the unknown function. The function xðtÞ consists of the T-function XðkÞ, and its value is given by the sum of the T-function with ðt=HÞk as its coefficient. In real applications, with the right choice of constant H, the larger values of argument k will lead to rapid reduction of the discrete of spectrum. The function xðtÞ is expressed by a finite series and Eq. (26) can be written as follows:
where n is the number of statements of the DTM. Generally, by increasing n, DTM accuracy will be increased, but it depends on H and time step's length [20] . Actually, H depends on the time steps which for classical DTM is considered unity, but for Multi step DTM or Ms-DTM it is equal to the time step value. Some important mathematical operations performed by differential transform method are listed in Table 1 . As described before, one of the most advantages of DTM is its independence of small parameter, linearization or perturbation. Also, it does not need to determine auxiliary function, auxiliary parameter or suitable initial guess against other analytical methods.
Application of analytical methods on the problem

Application of DTM on case 1
Now Differential Transformation Method has been applied into the governing equations. Taking the differential transforms of Eqs. (8)- (10) with respect to v and considering H = 1 gives:
where F½k and H½k are the differential transforms of fðgÞ; hðgÞ and a 1 ; a 2 ; a 3 are constants which can be obtained through boundary condition. This problem can be solved as follows:
The above process is continuous. By substituting Eqs. (32) and (33) into the main equation based on DTM, it can be obtained that the closed form of the solutions is as follows:
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by substituting the boundary condition from Eq. (11) 
Application of DTM on case 2
Similarly, DTM is applied to Eqs. (18) and (19) . Their transformed form will be as follows:
The boundary conditions can be written as follows:
In ith step, by solving the set of coupled Eq. (38), Vði þ 2Þ and Hði þ 2Þ can be determined. For example using boundary condition and Eq. (22) second terms will be
As seen in terms of above equation, although for increasing the accuracy, the number of statements has been increased, convergence of DTM is completely evident.
Results and discussion
As has been discussed, Newtonian and non-Newtonian nanofluids can be found in many industrial applications [21] [22] [23] [24] [25] [26] [27] [28] . Their analysis and treatment can be performed by well-known analytical and numerical methods. Some of these methods have been employed for solving the engineering problems [29] [30] [31] [32] . In our study, efficiency of DTM for solving these kinds of problems is examined through two different problems as introduced in the previous sections. Our DTM solutions will be compared to numerical solution presented in the literature [19] . As mentioned before, in first case, heat transfer and nanofluid flow analysis in the unsteady squeezing nanofluids between parallel plates are studied using
Differential Transformation Method (DTM) and results are compared with forth-order Runge-Kutta numerical method. Fig. 2 shows the results of DTM for solving the Eqs. (8) and (9) in different Eckert and squeeze numbers. As seen in these figures, DTM has a good agreement with numerical method in wide range of Ec and S numbers. Effect of Nanoparticles volume fraction on velocity and temperature profiles is shown in Fig. 3 . Adding nanoparticles into the base fluid leads to increase in thermal boundary layer thickness while it has no significant effect on velocity boundary layer thickness. It is obvious that when nanoparticles were added into base fluid, heat transfer will increase due to their high thermal conductivity, and so temperature profiles will be decreased.
For the second case, the base fluid is considered as a nonNewtonian fluid containing sodium alginate (SA) and two types of nanoparticles namely silver (Ag) and copper (Cu) are added. For showing the efficiency of analytical applied method (DTM), Tables 2 and 3 presented values and errors for Ag-SA, respectively. These tables also confirm the accuracy of DTM for solving such kinds of problems. The effect of d number on non-dimensional velocity and temperature of the nanofluid is investigated through Fig. 4(a) and (b) . These figures confirm that d has no effect on temperature variations but it reduces velocity values. The same phenomenon was also observed by Ziabakhsh and Domairry [9] . Fig. 5 confirms that when nanoparticles volume fraction increases, velocity profiles increase but temperature values decrease due to increase in heat transfer. Fig. 5 shows the effect of nanoparticles volume fraction (u) on velocity profile and temperature distribution for SA-TiO 2 nanofluid when Ec ¼ d ¼ 1, while Fig. 6 depictesthe effect of volume fraction of copper nanoparticles.
Conclusion
In present work, Differential Transformation Method (DTM) is applied for solving the coupled nonlinear differential equations in fluids mechanic to show the validity and simplicity of this method. For this aim, two cases of problems in nanofluid mechanics which have coupled nonlinear differential equations were selected and DTM was applied on them. For illustrating the accuracy of described method, a numerical method was also used to solve the problems. A very good agreement between these two methods was observed in both problems. Compared to previous works, DTM has a better agreement with numerical method compared to other analytical and perturbation methods. This DTM accuracy is due to independency to small parameter (p) compared to perturbation methods and direct solving of the equation without linearization or discretization. 
